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$(N, X, fi, g_{i}, G^{i})$ (1.1)
. ,
1. $N:=\{1,2, \cdots , n\}$ , $i$ $i=1,2,$ $\cdots,$ $n$
.
2. $E$ , $i\in N$ $X_{i}\subset E$ $x_{i}$
. $x:=\Pi_{i1}^{n}=X_{i}$ , $X\ni x=(x_{1}, x_{2}, \cdots, x_{n})/|$ $n$
, (multistrategies) .
3. $i\in N$ , $f_{i}$ : $Xarrow\dot{R}_{+}\mathrm{U}\{0\},$ $gi$ : $Xarrow R_{+}$ . , $R_{+}=(0, \infty)$
. .
4. $i\in N$ , $G^{i}=$ , $G^{i}$ $(GP)$ $i$
.
, $i$ $G^{i}$
. , $i\in N$
. , , ,
, $\epsilon i>0$ $\epsilon$- ( $\epsilon$-noncooperative equilibrium point)
.
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2 A Noncooperative $n$-Person Parametric Game
$\epsilon>0$ , $i\in N$
$G^{i}( \overline{x})<y\in\inf_{xi}c^{i}(yi,\overline{x}^{i}\wedge)+\hat{\mathrm{c}}$ (2.1)
$\overline{x}=(\overline{x}_{1},\overline{x}_{2}, \cdots\overline{X}_{n})\wedge\wedge’\in X$ .
, $\overline{x}^{i}$ $\overline{x}^{i}=(\overline{x}_{1}, \cdots,\overline{x}_{i-}1,\overline{X}i+1, \cdots,\overline{x}n)$ .
\epsilon - .
Definition 2.1 $\epsilon>0$ , $\overline{x}=(\overline{x}_{1}, \cdots,\overline{x}_{n})\in X$ $(GP)$ \epsilon -
$(\epsilon- \mathrm{n}.\mathrm{e}_{\mathrm{P}}..)$ , $i\in N$ ,
$G^{i}( \overline{x})<\inf_{y\in}iG^{i}(y_{i},\overline{x}^{i}\wedge)+\epsilon$ (2.2)
.
$(GP)$ $\epsilon- \mathrm{n}.\mathrm{e}.\mathrm{p}$ . . , ,
( , ) ,
, $i\in N$ , $g_{i}$
$L\mathit{9}i$ , . ,
$n$ $(GP)$ $\epsilon- \mathrm{n}.\mathrm{e}_{\mathrm{P}}.$ . , , $(GP)$
$(GP_{\theta})$ , $(GP_{\theta})$ ,
.
, $(GP)$ $(GP_{\theta})$ .
$(N, X, f_{i}, g_{i}, \theta_{i}, F_{\theta_{i}}^{i})$ (2.3)
,
1. $N:=\{1,2, \cdots, n\}$ .
2. $E$ , $X_{i}\subset E$ $i\in N$ , , $X$ $:=$
in$=1$ $X_{i}$ .
3. $i\in N$ , $f_{i}$ : $Xarrow R,$ $g_{i}$ : $Xarrow R_{+}$ .
4. $i\in N$ $\theta_{i}$ : $X^{i}\wedgearrow R_{+}$ , $\theta:=(\theta_{1}, \theta_{2}, \ldots, \theta_{n})$ : $\Pi_{i}X^{i}\wedgearrow R_{+}^{n}$
$(GP_{\theta})$ . , $X^{i}:= \prod\wedge j\neq iXj$ .
5. $i\in N$ , $F_{\theta_{i}}^{i}:=f_{i^{-\theta_{i}}}gi:Xarrow R$ $(GP_{\theta})$
$i$ . , $x\in X$ $F_{\theta}^{i}$, $(x)=f_{i}(x)-\theta_{i}(x)ig_{i}\wedge(x)$
.
2
Definition 22 $\overline{x}=(\overline{x}_{1}, \cdots,\overline{x}_{n})\in X$ $(GP_{\theta})$ (n.e.p.) ,
$i\in N$ ,
$F_{\theta_{i}}^{i}( \overline{x})=\inf_{y\in}iF_{\theta_{i}}^{i}(y_{i},\overline{x}^{i})\wedge$ (2.4)
$= \inf_{y_{i}\in xi}\{fi(y_{i},\overline{X}^{i})-\theta_{i}\wedge(\overline{x})igi\wedge(y_{i},\overline{X}^{i})\}\wedge$ (2.5)
.
, $i\in N$ $\varphi_{i}$ : $X\cross Xarrow R$ .
$\varphi_{i}(_{X}, y)=Fi(_{X)-}\theta iF_{\theta}^{i}(iyi, x^{i}\wedge)$
$=f_{i}(x)-fi(yi, X)i-\theta_{i}\wedge\wedge(x^{i})(g_{i}(x)-g_{i}(yi, x)i)\wedge$ , $\forall(x, y)\in X\cross X$ .
, $\varphi$ : $X\mathrm{x}Xarrow R$ .
$\varphi(x, y)=i1\sum_{=}^{n}\varphi_{i}(x, y)$ , $\forall(x, y)\in X\cross X$ . (2.6)
Lemma 2.1 .
Lemma 2.1 (1), (2) .
(1) $\overline{x}\in X$ $(GP_{\theta})$ n.e.p. .
(2) $\varphi(\overline{x}, y)\leq 0$ , $\forall y\in X$ .
Proof. (1) $\Rightarrow(2)$ , $\overline{x}\in X$ , Definition 22
$\varphi$ .
(2) $\Rightarrow(1)$ , $i\in N$ , $y=(y_{i},\overline{x}^{i})\wedge$ . , $\varphi(\overline{x}, y)\leq 0$
,
$\varphi_{i}(\overline{x}, y)+j\sum_{\neq i}\varphi_{j}(\overline{x}, y)\leq 0$
(2.7)
. ,
$\sum_{j\neq i}\varphi j(_{\overline{X}}, y)=\sum_{\neq ji}\{fj(_{\overline{X}})-f_{j}(yj,\overline{x}^{j})-\theta j(\overline{X})\wedge\wedge j(gj(\overline{X})-gj(y_{j},\overline{x}^{j}))\wedge\}$
$= \sum_{j\neq i}\{f_{j}(\overline{X})-f_{j}(_{\overline{X}_{j},\overline{x}^{j}}\wedge)-\theta j(_{\overline{X}^{j}})\wedge.\wedge(gj(\overline{X})-gj(\overline{x}j,\overline{x}^{j}))\}$
( $i\neq i$ , $\overline{x}=(\overline{x}_{j},\overline{x}^{j})=\wedge(y_{j},\overline{x}^{j})$)
$\wedge$
$= \sum_{j\neq i}\{f_{j}(_{\overline{X})}-f_{j}(\overline{x})-\theta_{j}(\overline{x}^{j})(\wedge g_{j(\overline{X})}-g_{j}(_{\overline{X}}))\}$
$=0$ .
$\varphi_{i}(\overline{x}, y)\leq 0$ , $\varphi_{i}$ , $\overline{x}\in X$ $(GP_{\theta})$
$\mathrm{n}.\mathrm{e}.\mathrm{p}$ .
3
Lemma 22 ( $\mathrm{K}\mathrm{y}$ Fan’s Inequality) $X$ , $K$ $X$
, $\varphi$ : $X\cross Xarrow R$ (1), (2) $,(3)$ .
(1) $\forall y\in K$ , $x-*\varphi(x, y)$ ; .
(2) $\forall x\in K$ , $y-+\varphi(x, y)$ ; .
(3) $\forall y\in K$ , $\varphi(y, y)\leq 0$ .
, .
$\exists\overline{x}\in K$ $s.t$ . $\forall y\in K$ , $\varphi(\overline{x}, y)\leq 0$ . (2.8)
Lemma 22 , [5] .
Theorem 2.1 $i\in N$ , $X_{i}\subset E$ , $f_{i,g_{i}},$ $\theta_{i}$
(1), (2) $,(3)$ .
(1) $f_{i}$ : $Xarrow R_{+}\cup\{0\},$ $X$ $X_{i}$ .
(2) $g_{i}$ : $Xarrow R_{+},$ $X$ $X_{i}$ .
(3) $\theta_{i}$ : $X^{i}\wedgearrow R_{+}\cup\{0\},$ $X^{i}\wedge$ .
, $(GP_{\theta})$ $\mathrm{n}.\mathrm{e}$ .P. $\overline{x}\in X$ . , $\overline{x}\in X$
$\forall i\in N$ , $F_{\theta_{i}}^{i}( \overline{x})=\inf_{y\in}iF_{\theta_{i}}^{i}(yi,\overline{x}^{i}\wedge)$ (2.9)
.
Proof $i\in N$ $X_{i}\subset E$ , $X= \prod_{i=1}^{n}X_{i}$
. (1) (2) , $y\in X$ $\varphi_{i}(\cdot, y)$ $X$ , $\varphi(\cdot, y)$
$X$ , Lemma 22 (1) . , $f_{i},$ $g_{i}$ $X_{i}$
, , $\theta_{i}$ : $X^{i}\wedgearrow R_{+}$ , $x\in X$ , $\varphi(x, \cdot)$
$X$ , Lemma 22 (2) . , $y\in X$
, $\varphi(y, y)=0$ ,
$\sup_{y\in X}\varphi(y, y)=0$ ,
. , Lemma 22 ,
$\exists\overline{x}\in X$ $s.t$ . $\forall y\in K$ , $\varphi(\overline{x}, y)\leq 0$ . (2.10)
, Lemma 2.1 , $\overline{x}\in X$
$(GP_{\theta})$ – $\theta$ , $i\in N$
$\overline{\theta}_{i}$ .
$\overline{\theta}_{i}(X^{\wedge})i:=\inf_{iy\in}xG^{i}(yi, x^{i}\wedge)$ , $\forall x\in X$ . (2.11)
4
, $G^{i}(y_{i}, X^{i})= \frac{f_{i}(y_{i},x)\wedge i}{g_{i}(y_{i},x^{i}\wedge)}\wedge$ . , $\overline{\theta}:=(\overline{\theta}_{1},\overline{\theta}_{2}, \cdots,\overline{\theta}_{n})$ .
$\overline{\theta}$
$(GP_{\overline{\theta}})$ $i$ ,
$F_{i}^{\frac{i}{\theta}}=f_{i}-\overline{\theta}_{i}g_{i}$ : $Xarrow R$ (2.12)
.
Lemma 2.3 (1), (2) .
(1) $i\in N,$ $x\in X$ , $\theta_{i}^{1}(X^{i})\wedge>\theta_{i}^{2}(x^{i}\wedge)\geq 0$ , .
$\inf_{y\in}iF_{\theta_{i}^{1}}^{i}(y_{i}, x^{i})\wedge\leq\inf_{y\in}iF_{\theta_{i}^{2}}^{i}(yi, x^{i})\wedge$ (2.13)
(2) $i\in N,$ $x\in X$ , $(\mathrm{i})(\mathrm{i}\mathrm{i})$ .
(i) $\inf Fi(y_{i\in x_{i}}\theta_{i}yi, x^{i}\wedge)<0$ .
(ii) $\theta_{i}(X^{\wedge})i>\overline{\theta}_{i}(X^{i})\wedge$ .
,
$\inf_{yi\in xi}F\frac{i}{\theta}i(y_{i}, x^{i})\wedge\geq 0$, (2.14)
.
Proof. (1) : $y_{i}\in X_{i}$ , $\theta_{i}^{2}(x)\wedge\wedge ig_{i}(y_{i}, x)i<\theta_{i}^{1}(x^{i})g\dot{i}\cdot \mathrm{k}yi\wedge,\wedge x^{i})$
,





$\inf_{y\in X_{i}}F_{\theta^{1}i}^{l}(y_{i}, x^{\mathrm{t}})\leq\inf_{y\in}iF_{\theta_{i}^{2}}^{l}(y_{i}, x^{\iota})$ .




$(\mathrm{i}\mathrm{i})$ $\Rightarrow(\mathrm{i})$ , $\theta_{i}(X^{i})\wedge>\overline{\theta}_{i}(x^{i})=\inf_{y}\wedge,\wedge i\in^{x_{i}G}i(yix)i$ , $f_{i}(\overline{y}_{i}, x^{i})-\theta_{i}\wedge\wedge\wedge(Xi)g_{i}(\overline{y}_{i}, x^{i})<$
$0$ $\overline{y}_{i}$ $\in X_{i}$ ,
$0>F_{\theta_{i}}^{i}( \overline{y}_{i}, x^{i})\wedge\geq\inf_{y\in}iF_{\theta_{i}}^{i}(y_{i}, x^{i})\wedge$ .
5
, (2.14) , $\inf_{y_{\mathfrak{i}}\in x_{i}\frac{i}{\theta}}F_{i}(y_{i},\overline{x}^{i})<0$
$\overline{x}^{i}\in\wedge X^{i}\wedge$
, $F_{i} \frac{i}{\theta}(\overline{y}_{i},\overline{x}^{i})\wedge<0$ $\overline{y}_{i}\in X_{i}$ . ,
$\overline{\theta}_{i}(\overline{X}^{\wedge})i>G^{i}(\overline{y}_{i},\overline{x}^{i})\wedge=\overline{\theta}_{i}(\overline{X}^{i})\wedge$ ,
, . ,
$\inf_{y\in}\mathrm{i}F_{\overline{\theta}_{i}^{i}}(y_{i}, x^{i})\wedge\geq 0$ .
3 An $\epsilon$-Equilibrium Point of The $n$-Person Fractional Game
$(GP_{\theta})$ $(GP)$ $\epsilon- \mathrm{n}.\mathrm{e}_{\mathrm{P}}.$ . .
$\epsilon>0$ , $i\in N$ , $\overline{\theta}_{i}^{\Xi}:=\overline{\theta}_{i}+\epsilon$ . ,
$\overline{\theta}_{i}^{\Xi}(x^{i})\wedge:=\overline{\theta}_{i}(X^{\wedge})i+\mathcal{E}$, $\forall x\in X$ , (3.1)
, , $\overline{\theta}_{\mathit{6}}:=(\overline{\theta}_{1}^{\epsilon}, \cdots,\overline{\theta}_{n}^{\epsilon})$ . , $x\in X$ ,
$\overline{\theta}_{i}^{\mathcal{E}}(x^{i})\wedge>\overline{\theta}_{i}(X^{\wedge})i$
, Lemma 23(2) 2 $\inf F_{\frac{i}{\theta}}y_{i\in}X_{i}.\cdot\epsilon(y_{i}, x^{i})\wedge<0$ .
Definition 3.1 X $=(\overline{x}_{1}, \cdots,\overline{x}_{n})\in X$ $(GP_{\overline{\theta}})\epsilon$ n.e.p. ,
$i\in N$ ,
$F_{\frac{i}{\theta}\epsilon(\overline{X})=} \inf_{y\in}iF_{\frac{i}{\theta}\epsilon,i}(y_{i},\overline{x}^{i}\wedge)$ (3.2)
$= \inf_{y_{i\in}x_{i}^{\{fi}}(yi,\overline{x}^{i})-(\overline{\theta}\wedge\wedge i(\overline{x}^{i})+\epsilon)gi(y_{i},\overline{X}^{i})\}\wedge$ (3.3)
.
Theorem 3.1 $\epsilon>0$ 7 $\overline{x}=(\overline{x}_{1}, \cdots,\overline{x}_{n})\in X$ $(GP_{\overline{\theta}_{6}})$ n.e.p.
, $\overline{x}\in X$ $(GP)$ $\epsilon- \mathrm{n}.\mathrm{e}.\mathrm{P}$ . .
Proof. $i\in N,$ $x\in X$ , $\overline{\theta}_{i}(X^{\wedge})i+\epsilon>\overline{\theta}_{i}(X^{\wedge})i$ , Lemma 2.3(2) ,
$0> \inf_{yi\in Xi}F_{\frac{i}{\theta}}\mathit{6}(iy_{i}, x^{i}\wedge)$ . (3.4)




, $\overline{x}$ $(GP)$ $\epsilon- \mathrm{n}.\mathrm{e}.\mathrm{p}$ . . $\square$
6
Lemma 3.1 $i\in N$ $X_{i}\subset E$ , $f_{i},$ $g_{i}$ (1), $(2)$
.
(1) $f_{i}$ : $Xarrow R+\cup\{0\},$ $X$ .
(2) $g_{i}$ : $Xarrow R_{+},$ $X$ .
, $i\in N$ , $\overline{\theta}_{i}^{\epsilon}$ : $X^{i}\wedgearrow R_{+}$ $X^{i}\wedge$ – .
Lemma 3.1 , [8] .
Theorem 3.2 $\epsilon>0$ , $i\in N$ , $X_{i}\subset E$
, $f_{i},$ $g_{i}$ (1),(2) .
(1) $f_{i}$ : $Xarrow R_{+}\cup\{0\},$ $X$ $X_{i}$ .
(2) $g_{i}$ : $Xarrow R_{+},$ $X$ $X_{i}$ .
, $(GP_{\overline{\theta}})\epsilon$ n.e.p. $\overline{x}\in X$ . , $\in X$ $(GP)$
$\epsilon- \mathrm{n}.\mathrm{e}.\mathrm{P}$ . .
Proof. $i\in N$ , $\varphi_{i}^{\epsilon}$ : $X\cross Xarrow R$ .
$\varphi_{i}^{\epsilon}(_{X}, y):=F\frac{i}{\theta}\epsilon(X)-F_{\mathcal{E}}\frac{i}{\theta}(iiy_{i}, x^{i}\wedge)$
$=f_{i}(x)-f_{i}(yi, x^{i})-(\overline{\theta}_{i}(X^{i})+\epsilon\wedge\wedge)(gi(x)-g_{i}(yi, x)i)\wedge$ , $\forall(x, y)\in X$ $X$.
, $\varphi^{\epsilon}$ : $X\cross Xarrow R$ .
$\varphi^{\mathcal{E}}(_{X}, y)=\sum^{n}i=1\varphi_{i}\epsilon(x, y)$ , $\forall(x, y)\in X\cross X$ . (3.6)
$i\in N$ $X_{i}\subset E$ , $X=\Pi_{i=1}^{n}$ $X_{i}$ .
(1) (2) , $\varphi_{i}^{\mathcal{E}}(\cdot, y)$ $X$ , $\varphi^{\epsilon}(\cdot, y)$ $X$ , Lemma 22
(1) . , $f_{i},$ $g_{i}$ $X_{i}$ , , $\overline{\theta}_{i}^{\epsilon}$ :
$X^{i}\wedgearrow R_{+}$ , $\varphi^{\mathit{6}}(x, \cdot)$ $X$ , Lemma 22 (2)
. , $y\in X$ , $\varphi^{\epsilon}(y, y)=0$ ,
$\sup_{y\in^{x}}\varphi^{\epsilon_{(y}}y,)=0$,
. , Lemma 22 , $y\in X$ , $\varphi^{\mathcal{E}}(\overline{X}_{\theta,y})\leq 0$ $\in X$
. Lemma 2.1 , $(GP_{\overline{\theta}^{\xi}})$ $\mathrm{n}.\mathrm{e}$.P. . Theorem 3.1
, $\overline{x}_{\theta}$ $(GP)$ $\epsilon- \mathrm{n}.\mathrm{e}.\mathrm{P}$ .
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